The purpose of this paper is to present some strict fixed point theorems for multivalued operators satisfying a Reich-type condition on a metric space endowed with a graph. The well-posedness of the fixed point problem is also studied. MSC: 47H10; 54H25
In particular, we denote by δ(A) := δ(A, A) the diameter of the set A. Let (X, d) be a metric space. If T : X → P(X) is a multivalued operator, then x ∈ X is called a fixed point for T if and only if x ∈ T(x). The set Fix(T) := {x ∈ X | x ∈ T(x)} is called the fixed point set of T, while S Fix(T) = {x ∈ X | {x} = Tx} is called the strict fixed point set of T. Graph(T) := {(x, y) | y ∈ T(x)} denotes the graph of T.
Definition . Let ϕ : R + → R + be a mapping. Then ϕ is called a strong comparison function if the following assertions hold:
(i) ϕ is increasing; (ii) ϕ n (t) →  as n → ∞ for all t ∈ R + ;
Definition . Let (X, d) be a complete metric space, let G be a directed graph, and let T : X → P b (X) be a multivalued operator. By definition, T is called a (δ, ϕ)-G-contraction if there exists ϕ : R + → R + , a strong comparison function, such that
In this paper, we present some fixed point and strict fixed point theorems for multivalued operators satisfying a contractive condition of Reich type involving the functional δ (see http://www.fixedpointtheoryandapplications.com/content/2013/1/203 [, ]). The equality between Fix(T) and S Fix(T) and the well-posedness of the fixed point problem are also studied.
Our results also generalize and extend some fixed point theorems in partially ordered complete metric spaces given in Harjani 
Fixed point and strict fixed point theorems
We begin this section by presenting a strict fixed point theorem for a Reich type contraction with respect to the functional δ.
Theorem . Let (X, d) be a complete metric space and let G be a directed graph such that the triple (X, d, G) satisfies the following property:
Let T : X → P b (X) be a multivalued operator. Suppose that the following assertions hold:
By (i) we have that
On the other hand, by (i), we have that
Using (.) we obtain
For x  ∈ X, we haveX T (x  ) = ∅, and so there exists
By these procedures, we obtain a sequence (x n ) n∈N with the following properties:
From () we obtain that the sequence (x n ) n∈N is Cauchy. Since the metric space X is complete, we get that the sequence is convergent, i.e., x n → x * as n → ∞. By the property
We have
We shall prove now that Fix(T) = S Fix(T). http://www.fixedpointtheoryandapplications.com/content/2013/1/203
Hence, we have
.
, which implies that a ≥ , which is a contradiction.
Hence, Fix(T) = S Fix(T) = {x * }.
Next we present some examples and counterexamples of multivalued operators which satisfy the hypothesis in Theorem ..
Notice that all the hypotheses in Theorem . are satisfied (the condition (i) is verified for a = c = ., b = . and so Fix(T) = S Fix(T) = {(, )}.
The following remarks show that it is not possible to have elements in F T \ SF T .
Remark . If we suppose that there exists x ∈ F T \ SF T , then, since (x, x) ∈ , we get (using the condition (i) in the above theorem with y = x) that δ(T(x)) ≤ (b + c)δ(T(x)), which is a contradiction with a + b + c < . http://www.fixedpointtheoryandapplications.com/content/2013/1/203 Remark . If, in the previous theorem, instead of the property (P), we suppose that T has a closed graph, then we obtain again the conclusion Fix(T) = S Fix(T) = ∅.
Remark . If, in the above remark, we additionally suppose that
The next result presents a strict fixed point theorem where the operator T satisfies a (δ, ϕ)-G-contractive condition on E(G).
Theorem . Let (X, d) be a complete metric space and let G be a directed graph such that the triple (X, d, G) satisfies the following property:
(ii) For each x ∈ X, the set
is nonempty.
Then we have:
(a) Fix(T) = S Fix(T) = ∅; (b) If, in addition, the following implication holds:
For x  ∈ X, by the same approach as before, there exists
On the other hand, by (i) we have that
By the same procedure, for
By (), using the properties of ϕ, we obtain that the sequence (x n ) n∈N is Cauchy. Since the metric space is complete, we have that the sequence is convergent, i.e., x n → x * as n → ∞.
By the property (P), we get that there exists a subsequence (
We shall prove now that x * ∈ S Fix(T). We have
Since d(x * , x k n+ ) →  as n → ∞ and ϕ is continuous in  with ϕ() = , we get that
Hence, x * ∈ S Fix(T) ⇒ S Fix(T) = ∅.
We shall prove now that Fix(T) = S Fix(T). Because S Fix(T) ⊂ Fix(T), we need to show that Fix(T) ⊂ S Fix(T).
Let
we obtain
Hence, x * ∈ S Fix(T) and the proof of this conclusion is complete.
(b) Suppose that there exist x * , y * ∈ Fix(T) = S Fix(T) with x * = y * . We have that
• (x * , y * ) ∈ E(G).
This is a contradiction. Hence, Fix(T) = S Fix(T) = {x * }. http://www.fixedpointtheoryandapplications.com/content/2013/1/203
In the next result, the operator T satisfies another contractive condition with respect to δ on E(G) ∩ Graph(T). T(x) ) is a lower semicontinuous mapping. Suppose that the following assertions hold:
Theorem . Let (X, d) be a complete metric space, let G be a directed graph, and let T
(i) There exist a, b ∈ R + , with b =  and a + b < , such that
By (i), taking y = x  and x = x  , we have that
Hence,
By (i), taking y = x  and x = x  , we have that
From () we obtain that the sequence (x n ) n∈N is Cauchy. Since the metric space X is complete, we have that the sequence is convergent, i.e., x n → x * as n → ∞. Now, by the lower semicontinuity of the function f , we have
Thus f (x * ) = , which means that δ(x * , T(x * )) = . Thus x * ∈ S Fix(T).
Using (i) with x = y = x * , we obtain
which contradicts the hypothesis. Thus δ(T(x * )) =  and so T(x * ) = {x * }. The proof is now complete.
Remark . Example . satisfies the conditions from Theorem . for a = . and b = ..
Well-posedness of the fixed point problem
In this section we present some well-posedness results for the fixed point problem. We consider both the well-posedness and the well-posedness in the generalized sense for a multivalued operator T.
We begin by recalling the definition of these notions from [] and [].
Definition . Let (X, d) be a metric space and let T : X → P(X) be a multivalued operator. By definition, the fixed point problem is well posed for T with respect to H if:
Definition . Let (X, d) be a metric space and let T : X → P(X) be a multivalued operator. By definition, the fixed point problem is well posed in the generalized sense for T with respect to H if:
In our first result we will establish the well-posedness of the fixed point problem for the operator T, where T is a Reich-type δ-contraction.
Theorem . Let (X, d) be a complete metric space and let G be a directed graph such that the triple (X, d, G) satisfies the property (P).
Let T : X → P b (X) be a multivalued operator. Suppose that (i) conditions (i) and (ii) in Theorem . hold; http://www.fixedpointtheoryandapplications.com/content/2013/1/203
In these conditions the fixed point problem is well posed for T with respect to H.
Proof From (i) and (ii) we obtain that S Fix(T) = {x * }. Let (x n ) n∈N ⊂ X be a sequence which
Hence, x n → x * as n → ∞.
Remark . If we replace the property (P) with the condition that T has a closed graph, we reach the same conclusion.
The next result deals with the well-posedness of the fixed point problem in the generalized sense.
Theorem . Let (X, d) be a complete metric space and let G be a directed graph such that the triple (X, d, G) satisfies the property (P).
Let T : X → P b (X) be a multivalued operator. Suppose that (i) conditions (i) and (ii) in Theorem . hold; (ii) for any sequence (x n ) n∈N , x n ∈ X with H(x n , T(x n )) →  as n → ∞, there exists a subsequence (x k n ) n∈N such that (x k n , x * ) ∈ E(G) and H(x k n , T(x k n )) → .
In these conditions the fixed point problem is well posed in the generalized sense for T with respect to H.
Proof From (i) we have that S Fix(T) = ∅. Let (x n ) n∈N ⊂ X be a sequence which satisfies (ii). Then there exists a subsequence (x k n ) n∈N such that (x k n , x * ) ∈ E(G).
We have H(x k n , T(x k n )) = δ(x k n , T(x k n )),
Hence, x k n → x * .
Remark . If we replace the property (P) with the condition that T has a closed graph, we reach the same conclusion.
